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Abstract Alternative gravity is nowadays an extremely
important tool to address some persistent observational
issues, such as the dark sector of the universe. They can
also be applied to stellar astrophysics, leading to out-
comes one step ahead of those obtained through Gen-
eral Relativity. In the present article we test a novel
f(R, T ) gravity model within the physics and geometry
of wormholes. The f(R, T ) gravity is a reputed alter-
native gravity theory in which the Ricci scalar R in the
Einstein-Hilbert gravitational lagrangian is replaced by
a general function of R and T , namely f(R, T ), with
T representing the trace of the energy-momentum ten-
sor. We propose, for the first time in the literature,
an exponential form for the dependence of the theory
on T . We derive the field equations as well as the non-
continuity equation and solve those to wormhole metric
and energy-momentum tensor. The importance of ap-
plying alternative gravity to wormholes is that through
these theories it might be possible to obtain worm-
hole solutions satisfying the energy conditions, depart-
ing from General Relativity well-known outcomes. In
this article, we indeed show that it is possible to obtain
wormhole solutions satisfying the energy conditions in
the exponential f(R, T ) gravity. Naturally, there is still
a lot to do with this model, as cosmological, galactical
and stellar astrophysics applications, and the reader is
strongly encouraged to do so, but, anyhow, one can see
the present outcomes as a good indicative for the the-
ory.
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1 Introduction
The f(R, T ) gravity theory was proposed in 2011 by
T. Harko and collaborators [1]. It starts from a gen-
eralization of the gravitational lagrangian of the f(R)
gravity [2,3], in which besides the dependence on a gen-
eral function of the Ricci scalar R, the gravitational la-
grangian also depends generically on the trace of the
energy-momentum tensor T .
The f(R, T ) theory has been applied to cosmology
[4]-[10] and stellar astrophysics [11]-[16], among other
areas, yielding interesting and testable results.
The functional form of the function f(R, T ) is, in
principle, arbitrary, though some attempts to constrain
it have already been reported [17]-[20].
In the present article we will present a new func-
tional form for the function f(R, T ), namely f(R, T ) =
R + γeχT , with γ and χ being constants. Such an ex-
ponential dependence on T is a novelty in the f(R, T )
gravity literature. It is somehow motivated by exponen-
tial f(R) gravity models [21]-[27].
We will test this form for the f(R, T ) function by
solving the wormhole field equations in the formalism.
Wormholes are shortcut tunnels that connect two
different regions in space-time. They were proposed as a
tool for teaching General Relativity [28], but now there
is a number of possibilities to detect them [29]-[34].
The motivation for testing wormholes in extended
gravity, such as the f(R, T ) theory, is that according
to General Relativity, wormholes do not satisfy the en-
ergy conditions [35]. Particularly, M.S. Morris and K.S.
Thorne defined wormholes violating the weak energy
condition as wormholes filled by “exotic matter”. The
extra degrees of freedom of extended gravity may allow
the wormhole material solutions to satisfy one or more
of the energy conditions [36]-[39].
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2In the present article we will obtain wormhole so-
lutions in the f(R, T ) = R + γeχT gravity, with the
purpose of checking if their material content is able
to obey the energy conditions. In the next section, we
will present the main features of the f(R, T ) gravity
formalism and derive the field equations for the case
f(R, T ) = R + γeχT . In Section 3 we will substitute
the wormhole metric and energy-momentum tensor in
the f(R, T ) = R+γeχT gravity and derive the referred
solutions. In Section 4 we present the energy conditions
applied to the obtained material solutions and the dis-
cussions are presented in Section 5.
It is worth to clarify here that extended gravity the-
ories have their main motivation based on solving the
cosmological constant problem (check, for instance, [40,
41]) and predicting the accelerated expansion of the
universe [42]-[47]. Anyhow, extended gravity has also
shown some remarkable results when applied to (extra-
)galactic and stellar astrophysics, as it can be seen, re-
spectively, in [48]-[51] and [52]-[54]. In a still more fun-
damental level, extended gravity theories may be the
path to a quantum theory of gravity, as it has been
profoundly discussed in Reference [55].
2 The f(R, T ) gravity
The f(R, T ) gravity starts from the total action [1]
S =
∫
d4x
√−g
[
1
16pi
f(R, T ) + L
]
. (1)
In (1), g is the determinant of the metric gµν and L
the matter lagrangian. Throughout the article, natural
units will be assumed.
By varying the action above with respect to the met-
ric yields the following field equations:
fR(R, T )Rµν−1
2
f(R, T )gµν+(gµν∇µ∇ν−∇µ∇ν)fR(R, T )
= 8piTµν + fT (R, T )(Tµν − Lgµν). (2)
In (2), fR(R, T ) ≡ ∂f(R, T )/∂R, Rµν is the Ricci ten-
sor, Tµν is the energy-momentum tensor and fT (R, T ) ≡
∂f(R, T )/∂T .
By applying the covariant derivative of (2) yields
∇µTµν = fT (R, T )
8pi + fT (R, T )
×[
(Lgµν − Tµν)∇µ ln fT (R, T ) +∇µ
(
L− 1
2
T
)
gµν
]
.
(3)
From (3) we observe that the energy-momentum
tensor in principle does not conserve in f(R, T ) grav-
ity. This may be related to quantum effects [1], such as
particle creation [56], which is one of the motivations
for inserting the T -dependence on the gravitational la-
grangian. Anyhow, it is worth quoting that conserved
versions of the f(R, T ) gravity have already been con-
structed [5,57,58].
2.1 Exponential f(R, T ) gravity
As mentioned early in the text, in the present arti-
cle we are proposing a novel functional form for the
f(R, T ) function. If it passes the wormhole energy con-
ditions “test”, the functional form is worth to be fur-
ther applied to other areas, such as cosmological mod-
els, hydrostatic equilibrium of compact stars and ro-
tation curves of galaxies, among others. The form is
f(R, T ) = R+ γeχT . By substituting it in (2) yields
Gµν = 8piTµν + γe
χT
[
1
2
gµν + χ(Tµν + pgµν)
]
, (4)
as the field equations of the model, in which it has been
assumed that L = −p, with p being the total pressure.
It is interesting to remark that the present functional
form of f(R, T ) contains corrections only in the ma-
terial sector of a gravity theory, so that the Einstein
tensor is exactly the same as in General Relativity.
Also, by substituting the above exponential form for
f(R, T ) in (3) yields
∇µTµν = −γχe
χT
8pi + γχeχT
×[
χ(pgµν + Tµν)∇µT +∇µ
(
p+
1
2
T
)
gµν
]
. (5)
3 Wormhole equations in exponential f(R, T )
gravity
The wormhole equations in exponential f(R, T ) grav-
ity will be obtained from the substitution of the worm-
hole metric and energy-momentum tensor in Eqs.(4)-(5)
above. The former reads [28,35]
ds2 = e2Φ(r)dt2− 1
1− b(r)r
dr2− r2(dθ2 + sin2 θdφ2), (6)
in which Φ(r) and b(r) are, respectively, the redshift
and shape functions.
3There are some conditions that must be respected
by these functions in order for the wormhole to be
traversable and asymptotically flat. Those are:
lim
r→∞Φ(r) = Φ0, (7)
b(r0) = r0, (8)
b(r) < r, (9)
b′(r) <
b(r)
r
. (10)
In Eq.(7), Φ0 is simply a finite number, in Eq.(8), r0
is the wormhole throat radius, (9) must be valid away
from the throat and (10) near the throat. Throughout
the article, primes indicate radial derivatives.
Let us calculate the Einstein tensor for the metric
(6) above. When doing so we will consider constant Φ,
as it has been done in several references [59]-[63]. A fur-
ther study of wormholes in exponential f(R, T ) grav-
ity may approach a non-constant redshift function. The
non-null components of the Einstein tensor for metric
(6) with constant Φ reads
G00 =
b′
r2
, (11)
G11 =
b
r3
, (12)
G22 =
b′r − b
2r3
. (13)
The material content of wormholes is described by
an anisotropic matter energy-momentum tensor [28,35]
Tµν = diag(ρ,−pr,−pt,−pt), (14)
in which ρ is the matter-energy density and pr and pt
are, respectively, the radial and transverse pressures.
By substituting (11)-(14) in (4) yields
b′
r2
= 8piρ+ γeχ(ρ−pr−2pt)
[
1
2
+ χ
(
ρ+
pr + 2pt
3
)]
,(15)
b
r3
= −4pipr + γeχ(ρ−pr−2pt)
[
1
4
+
χ
3
(pt − pr)
]
,(16)
b′r − b
2r3
= −8pipt + γeχ(ρ−pr−2pt)
[
1
2
+
χ
3
(pr − pt)
]
.(17)
Eq.(5) for metric (6) and energy-momentum tensor
(14) reads
p′r +
2
r
(pr − pt) = 2γχe
χ(ρ−pr−2pt)
3[8pi + γχeχ(ρ−pr−2pt)]
×[
χ(ρ′ − p′r − 2p′t)(pt − pr) +
1
4
(3ρ′ − p′r)− p′t
]
. (18)
4 Wormhole equations of state, material
solutions and energy conditions in exponential
f(R, T ) gravity
Let us consider the following relations
pr = αρ, (19)
pt = βρ, (20)
as the equations of state for matter inside the worm-
holes, where α and β are constants. Such relations have
been invoked in other wormhole references, such as [37],[63]-
[65].
From Equations (16) and (17), we have
ρ =
χ(1−ζ)(b+b′r)
2r3 − 4piζW
{
− 3γχ(1−ζ) exp
[
χ(1−ζ)(b+b′r)
8pir3ζ
]
16piζ
}
4piχ(1− ζ)ζ ,
(21)
where ζ ≡ α+2β and W denotes the Lambert function
(also known as “product logarithm”).
Here, we will consider the power law form for the
shape function as
b = rm+10 r
−m. (22)
One can get different forms of shape function choos-
ing different values for the parameter m. In [66], some
wormhole solutions in f(R) gravity with the same shape
function were investigated for m = −1 and m = − 12 .
In order to satisfy the flaring out condition (10), we in-
deed need to consider m < 1. In Fig.1 below we show
the behaviour of b(r) and b′(r).
b(r)
b
'(r )
b(r)-r
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Fig. 1 Behaviour of the shape function b(r) with r0 = 1 and
m = 0.5.
By using Equation (22) in Equation (21), we obtain
obtain the following solution:
4ρ =
χ(1−ζ)rm+10 r−m(1−m)
2r3 − 4piζW
− 3γχ(1−ζ) exp
[
χ(1−ζ)rm+10 r
−m(1−m)
8pir3ζ
]
16piζ

4piχ(1− ζ)ζ . (23)
Next we will analyse the behaviour of the material
solutions as well as apply the energy conditions for dif-
ferent values of the α and β parameters.
The energy-momentum tensor is not universal but
depends on the particular type of matter and the in-
teractions concerned. One of the key generic features
that most matter we see experimentally seems to share
is the positiveness of the energy density.
The so-called energy conditions are a variety of ways
of making the notion of locally positive energy density
more precise. The energy conditions are very powerful
techniques to deduce the theorems about the behaviour
of strong gravitational fields and the geometries of cos-
mological models [67]. The point-like energy conditions
take the form of various linear combinations of the com-
ponents of the energy-momentum tensor at any speci-
fied point in space-time and those combinations should
be positive or at least non-negative. Although they are
not part of fundamental physics, they are useful to char-
acterize the kind of fluid one deals with [68].
The energy conditions are [69]:
• Strong energy condition (SEC): the SEC says that
gravity should always be attractive. In terms of the
energy-momentum tensor components, it reads ρ+3p ≥
0.
• Dominant energy condition (DEC): the DEC indi-
cates that the energy density measured by any observer
should be non-negative, which leads to ρ ≥| p |.
• Weak energy condition (WEC): the WEC asserts
that the energy density measured by any observer should
be always non-negative, i.e., ρ ≥ 0 and ρ+ p ≥ 0.
• Null energy condition (NEC): the NEC is a mini-
mum requirement from SEC and WEC, i.e. ρ + p ≥ 0.
The violation of NEC implies that all the above energy
conditions are not validated.
4.1 Model A: equation of state with α = 1/3 and β = 1
The matter-energy density of the wormhole constructed
in the present formalism as well as its energy conditions
in terms of r are presented in Fig.2 below for Model A
equation of state.
ρ ρ+pr ρ-pr
ρ+ pr + 2pt
0 1 2 3 4 5
0.05
0.10
0.15
r
Fig. 2 Behaviour of the matter-energy density, NEC, DEC
and SEC, with r0 = 1, γ = 1, m = 0.5 and χ = 6, for model
A.
4.2 Model B: equation of state with α = 1 and β = 1/2
The behaviour of the matter-energy density and the
energy conditions in terms of r in the present formalism
wormhole for Model B equation of state are presented
below, in Fig.3.
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Fig. 3 Behaviour of the matter-energy density, NEC, DEC
and SEC, with r0 = 1, γ = 1, m = 0.5 and χ = 6, for model
B.
In the next section we discuss, among other features
of the present model, the wormhole energy conditions
presented in Figures 2 and 3.
55 Discussion
The f(R, T ) theories of gravity have appeared firstly in
2011 [1] and were proposed by Harko and collaborators
as an alternative to the extended theories of gravity,
since departing from most of them, it allows one to
modify the material, rather than the geometrical sec-
tor, of General Relativity. One should note that when
one assumes f(R, T ) = R + f(T ), with f(T ) being a
function of T only, only the material sector of General
Relativity is modified.
In fact, the f(R, T ) = R+f(T ) models could well be
mapped into models whose field equations read Gµν =
8piT effµν , with the effective energy-momentum tensor T
eff
µν
given by the energy-momentum tensor of a perfect fluid
plus material corrections, such as bulk viscosity, anisotropy
and other kinds of “imperfections”. In other words,
what these models do is to naturally insert correction
terms to the material sector of a theory, by considering
the possibility that the concept of perfect fluid may be
an approximation. Particularly, this motivates the in-
vestigation of wormhole solutions within f(R, T ) mod-
els since wormholes contain imperfect anisotropic fluid
filling them.
As a novelty in the literature, we have proposed in
the present article an exponential dependence for T in
the f(R, T ) function, such as f(R, T ) = R + γeχT . It
is worth to recall that exponential f(R) models are al-
ready present in the literature, as one can check [21]-
[27]. For the reasons we are going to present below, one
can say that such a novel form has passed the worm-
hole test and we encourage further applications of it in
other systems.
Although f(R, T ) models have been approved in
some observational tests, an ultimate form for the func-
tion f(R, T ) still lacks. Nevertheless, the functional forms
so far proposed for the f(R, T ) function are not able to
predict some of the main observational issues today. Let
us briefly analyse some present pros and cons of f(R, T )
models when compared to observations.
It was shown in [70] that only the conservative form
of f(R, T ) gravity, namely f(R, T ) = R + ψT 1/2, with
constant ψ, yields to a good matching between theory
predictions and cosmological observations such as Type
Ia Supernovae data. In [16] and [71] it was shown that
for the function f(R, T ) = R + 2λT , with constant λ,
the theoretically predicted maximum masses for white
dwarfs and neutron stars indeed are increased but not
sufficiently to be in touch with some observations [72]-
[75]. Furthermore, a deep and consistent analysis of
galactic rotation curves for a particular f(R, T ) model
still lacks in the literature.
As we mentioned above, the exponential f(R, T )
gravity has passed the wormhole test and below we ex-
plain the reasons why. The main motivation for work-
ing with wormholes within alternative gravity models is
the possibility of obtaining wormhole solutions satisfy-
ing the energy conditions, departing from the General
Relativity case [28]. In fact, such a feature has already
been attained through other alternative gravity theories
[36]-[38].
Here, it was shown that through the exponential
f(R, T ) gravity it is possible to obtain wormhole so-
lutions remarkably satisfying all the energy conditions
and this can be seen in Figures 2-3. Those figures were
plotted for different cases of equations of state (19)-
(20). This shows that, in fact, the respectability of the
energy conditions weakly depends on the equation of
state and its parameters, but strongly depends on the
background gravitational theory.
Particularly, the importance of the background the-
ory rather than the wormhole equation of state can also
be seen for hybrid metric-Palatini gravity [76].
It is important to stress here that a more profound
discussion about energy conditions in alternative grav-
ity was given in [77,78], in which the effective energy-
momentum tensor of the theory is confronted with the
energy conditions, rather than the usual one. In an ex-
tended gravity theory with extra material rather than
geometrical terms, as the one presented here, in which
the extra terms of the effective energy-momentum ten-
sor also depend on ρ and p, this approach is rather
complicated to be attained, but we shall report it soon
in the literature.
To finish, we mention that in Fig.1 we have also
shown the shape function in terms of r indicates that
b(r) < r is obeyed. The wormhole throat is located at
r0 = 1, which satisfies b(r0) = r0 as in Equation (8).
The radial derivative of the shape function b′(r) satisfies
Equations (9) and (10), i.e. b′(r) < 1. Finally we also
plotted b(r) − r in Fig.1 and showed that it is < 0 for
r > r0, also satisfying 1− b(r)/r > 0.
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